Chuong 1. MA TRAN - DINH THUC (8+4)
I. Ma tran

* Cho m,n nguyén dwong. Ta goi ma trdn c& m x n la mdt bang s6 gom m X n
s6 thue dwge viét thanh m hang, n cot c6 dang nhwr sau:

a1 ar2 ... Q1n

. _ az.1 a2 ... Q2n
(@ij)mxn =

Am,1 QAm,2 e Am,n

trong d6 cdc s6 thuc

ai7j,i:1,m,j:1,n

dugce goi 1a ede phan ti cia ma trdan, chi s6 ¢ chi hang va chi s6 j chi c¢ot cla
phan tir ma tran.

Ma tran co 1 X n dwoc goi la ma trdn hang, ma tran co m x 1 dwoc goi la ma
tran cot, ma tran ¢ n x n dwoc goi la ma tran vudéng cap n.

Trén ma tran vuong cap n, dwong chéo gom cic phan tir

a;i,t=1,n

duwoc goi la dwdong chéo chinh, dudng chéo gom cdc phan tir

Qint1—it = 1,1

duoc goi la duwdong chéo phu cia ma tran.
Ma tran vudng cap n c¢é cdc phan tir nam ngoai dwdomg chéo chinh déu bing 0,
nghia la:

Qi = 0,¥i # j

dwoc goi la ma tran chéo.
Ma tran chéo cé

a; :1,i:1,n

dwoc goi la ma tran don vi cdap n, ky hiéu I,,.
Ma tran co m X n cb
;. j = 0,Vi,7:4>7

dwoc goi la ma tran bac thang.

Ma tran ¢ m X n ¢é cdc phan tir déu bang 0 duwgc goi 1a ma trdn khéng, ky
hi¢u 0y, .

Ta goi ma trdn chuyén vi

a1 a21 ... Gm,

T a2 Ga22 ... Qm?2
AT =(aji)nxm = | ’ ’
ain G@2n ... Am,n
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cla ma tran

aii ar2 ... Q1n

as 1 as 2 e as n
A= (aij)mxn = | ’ ’

am,1 am,2 e Am,n

14 ma tran c6 duoc tir A bang céch chuyén hang thanh cot, cot thanh hang.
Hai ma tran cing ¢ (a; j)mxn V& (bij)mxn dwge goi 1a bdng nhau néu cidc phan
tir & tirng vi tri déu bang nhau:

04‘7]‘ = bm-,Vz' = 1,m,Vj = 1,n.

+ Tong (hiéu) cia hai ma tran ciing ¢ m x n 1A mot ma tran c¢& m x n, trong dé
phin tit cia ma tran tong (hiéu) 1 tong (hiéu) cdc phin tit & vi tri twong timg:

(ci,j)mxn = (aij)mxn £ (bij)mxn

v

C@j = 04‘7]‘ + bm-,Vz' = 1,m,Vj = 1,n.
+ Tich v6 hudng cia s6 thuwe o véi ma tran ¢ m X n 14 ma tran ¢ m x n, trong dé
moi phan tit 1a tich cia o véi phan tik & vi tri twong tmg clda ma tran ban dau:
(Cij)mxn = (@i j)mxn
Vi
Cij = a.bm-,Vz' = 1,m,Vj = 1,n.

+ Tich v6 huéng cé tinh phan bd véi phép cong céc ma tran: a.(A+ B) = a.A+a.B,
vGi phép cong céc hé s6: (a+ 3).A = a.A+ (.B, ¢6 tinh két hop:

+ Tich cda hai ma tran A = (a; j)mxn V& B = (b k)nxq 18 ma tran

C — A X B — (C’i,k‘)mXQ7

véi .
Cik = Zai,jbj,k,w = 1,m,v1€ = 1,q.
j=1
Vi du.
1 3 2 1 3 1.1+31+23 13-31+2.2 10 4
2 4 7T x|11 -1]=121+41+73 23—-41+72 | =|27 16
3 5 6 3 2 31+51+63 33-51+6.2 26 16
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+ Phép nhén hai ma tran c6 tinh két hop: A x (B x C) = (A x B) x C, tinh phan
phdi déi vai phép cong:

Ax(B4+C)=AxB+AxC; (A+B)xC=AxC+BxC.
Ngoai ra, néu A ¢é ¢& m X n, thi

AxI,=1, xA=A.

I1. Dinh thitc
* Cho E=1{1,2,3,...,n}. Ta goi hodn vi cda tdp F 1a mot song 4nh f: E — F,
k¥ hiéu

hay

(c6 tat cd n! hoan vi khac nhau).

Vi dy. Cho E = {1,2,3}. Anhxa f: E — E xéc dinh béi: f(1) =1, f(2) = 3, f(3) = 2
la mét hoén vi cia F, ky hiéu 1a

1 2 3

1 3 2

hoac

* Cho mot hoéan vi

ta thanh lap cac cap thw tw
(f (@), F(5)), Vi # 3,
sé c6 C2 cap thit tir nhw thé; mot cap (f(i), f(4)) dwoce goi 1a nghich thé néu
(i —3)(f(@) = F(3)) <O.

Goi N(f) 14 s6 cdc nghich thé cia hoan vi f (c6 trong C2 cip thit tu trén).
Vi du. Tim s6 nghich thé cia hodn vi

po(l23 405
\3 2 1 5 4)



Tir hoan vi nay, ta cé cac cap thir tw
(3,2),(3,1),(3,5),(3,4),(2,1),(2,5),(2,4), (1,5), (1,4), (5,4),
trong d6 ta cé cac nghich thé:
(3,2),(3,1),(2,1),(5,4),

suy ra N(f) =4
* Cho ma tran (A), . Dinh thitc cia A la mot s6 thye, ky hiéu va xdc dinh nhu
sau:
det(4) = 3 (~D)¥PDay y0)a2,52) - - g
FESH

trong d6 S, 1a tap tat cd n! hoan vi cia n phan ti¥ {1,2,...,n}. Nhw vay, dinh
thirc cda ma tran A 1a mot so:
+ bang tong dai s6 cia n! hang tir dang

a1,£(1)a2,£(2) - - - An, f(n)

+ moi hang tir 1a tich cia n phan tir a; ; mad mo6i hang, mo6i cot phdi c6 mot
va chi mot phan tir tham gia vao tich dé.
+ dé&u cda moi hang tir phu thudc vao sé nghich thé cia hodn vi twong tmg.
* Ta goi dinh thitc cdp 2 la gié tri tinh dwgce tir bdng 2 hang, 2 ¢dt nhw sau:

aii1 aiz2

=aji,1a22 — 02,1412
az1 a2

* Ta goi dinh thitc cdp 3 la gié tri tinh dwgce tir bdng 3 hang, 3 ¢dt nhw sau:

a11 ai2 a3
a2,1 G22 G23|= 0110220331 A2,103,201,3 + 43,101,202 3
as1 Qg2 as;3

— a3,102,201,3 — A2,121,203,3 — 01,103,202 3

+ Dé tinh nhanh dinh thirc cdp 3, ta viét cot thit nhat va thit hai tiép theo vio bén

phai bang noéi trén:

a1,1 1,2 a1,3 a1,1 a1,2

a2,1 2,2 A23 A2,1 A22

as; ag2 a3 az1 432
thi 3 phan tit 14y dau cong 13 tich cdc phan tir nam trén cdc duwdmg chéo song song
v4i duong chéo chinh, ba phan tir 14y dau trir 1 tich cdc phan tir ndm trén céc
dudmg chéo song song véi duomng chéo phu (quy tac Serrhus)



* Ta goi dinh thitc cdp n la giéd tri tinh dwgce tir bang:

a1 @12 ... Q1n
a1 as 2 as

’ ’ "l =a; 1Dy —ag1 Do+ + (=1)"a, 1D,
an1 Gp2 ... Qn.n

trong dé Dy 1a dinh thitc cdp n — 1 thu dwoc tir badng da cho bang cdch bd cot
thir nhdt vA hang thi k, k = 1,7.

Vi du.

(1);12? 3 3 1 4 5 2 4 5 2 4 5 2
2040:1.040—0.040+2331—0.331:14
00 2 1 0 2 1 0 2 1 0 2 1 0 4 0

+ Dinh thitc khong thay doi néu ta doi hang thanh cot

+ Dinh thitc ddi ddu néu ta ddi ché hai hang (hodc hai cot) véi nhau

+ Dinh thirc c6 hai hang (ho#ic hai cot) ty 1é v&i nhau nhau thi bang 0

+ Thira s6 chung cia mot hang hay cot c¢é thé dwa ra ngoai ddu cia dinh thirc

+ Dinh thirc khong thay doi néu ta dong thoi cong vao cédc phan tir cia mot hang

(hay mot cot) nao d6 cdc phan tir cia mot hang (hay mot ¢dt) khac nhan véi cung
mot so.
Vi du. Gidi phwong trinh:

1 1 1 1

1 1-2 1 1

1 1 2—zx 1 =0
1 1 1 N R

Dinh thitc & vé trdi cia phwong trinh 14 da thitc bac n nén c¢6 khéng qua n nghiém
khac nhau. Thay x = 0,z = 1,2 = 2,...,x = n — 1 vao dinh thic, ta luon cé hai
hang v4i cac phan ti bang 1, nén dinh thitc bing 0. VAy phwong trinh c6 n nghiém
r=0zrz=1Lx=2,...,x =n—1.

* Dinh thirc cia ma tran vuong A = (ai j)nxn, k¥ hiéu det(A) 1a dinh thitc cdp n

cia bang
a1,1 @12 ... Q1n
a2,1 @22 ... Q2n
Gn,1 Gn2 ... Qdnn

va ¢6 tinh chat:
+ det(ad) = a”. det(A)
+ det(A x B) =det(A).det(B)

ITI. Ma tran nghich dao
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* Ma tran A = (a; j)nxn dwge goi la ma tran khd nghich néu ton tai ma tran A~!

sao cho:
Ax A ' =A"1'xA=1,.

Khi d6, ma tran A= dwogc goi 14 ma trdn nghich ddo cia A.
+ Ma tran A kha nghich khi va chi khi

det A # 0.

* Cho A = (a; j)mxn. MOt dinh thitc con cdp k (1 <k <n) cia A la mot dinh
thirc tao thanh tir ma tran A bang cdch bd di m — k hang va n — k cot.
* Cho ma tran vudng cap n khd nghich

a1 @12 ... Q1n
A — a2,1 @22 ... Q2n
an,1 Gn2 ... Gn,n

Phan bu dai s6 cla phan tir a; 4, 1as6 A; ; = (=1)/ D, ; trong d6 D; ; 1a dinh
thitc cAp n — 1 cda bang thu dwoc tir ma tran A bang cdch gach bd hang thir i va
coOt thi j.

+ Cho A 1a ma tran vuong khd nghich cdp n vd A = det A # 0. Khi dé ma tran
nghich ddo cia A dwge xdc dinh mot cdch duy nhat bdi:

1 T
~1
A171 A271 e Dn71
_ l ALQ A272 . Dmg
A1y Azn ... Dpn
Vi du. Ma tran nghich ddo cia
1 -1 1
A=12 1 1
1 1 2
la:
1 1 3 =2
A7t = = -3 1 1
1 -2 3
vi:



va:
Ary R S T v 2 1 2 1
1+l _ 1. _ (1142 B 143 .
A1 = (—1) 1 2' ;A1 2= (-1) 1 9 ' 3413 =(-1) - ' 1;
R I T I
11 L1 _—
Azq = (—1)*F! o ' = —2; A3, = (—1)*2 - ' 1y = (—1)3F? - ' _3

4+ Tinh chat: .
— Cho A khd ddo va k0, thi: (k4)~' = LA™

— Cho A, B ciing cdp va kha ddo, thi: (A x B)™! = B71 x A~}
— Cho A kha ddo thi A~! ciing khd ddo va (4~1)™ = 4

Phan I.4: Hang cda ma tran

* Ta goi hang cia ma trdn A = (a; j)mxn, ky hiéu r(A) 1a cap cao nhét cia cic
dinh thitc con khac 0 cua A.

+ Hang cia ma tran 0,,x, la 0, hang cia ma tran A = (a) véia # 0 1a 1.

+ Hang cia ma tran khong thay doi qua cdc phép bién doi so cdp sau day:

a. DGi chd hai hang hodc hai cot cho nhau;
b. Nhan mdt hang (hay mot cot) véi mot sé khéc 0;
c. Cong vao mot hang (hay mot cot) véi mot hang (hay mot cot) khéc nhan
véi mot so.
Dé tim hang cila ma tran A,,timesn, 6 thé dung cdc phuwong phép sau:

+ Phwong phdp theo dinh nghia: tinh cic dinh thitc con tir cdp 2 trd lén. Gid
sit ma tran cé 1 dinh thite con cap r khéc 0, tinh tiép cdc dinh thic cdp r + 1, néu
tat cd déu bang 0 thi két ludn hang ma tran 14 r, néu cé dinh thitc cap r + 1 khéc
0 thi tinh ti€p cdc dinh thic cap r + 2, c¢it nhw thé dén dinh thic cdp 16mn nhat

Vi du. Tim hang cia ma tran

1 2 3 5
A=13 2 4 9
1 01 4
Ta c¢6 dinh thirc con cap 2: '3 ;':—47&0, va cdc dinh thitrc cap 3:
1 2 3 1 2 5 1 3 5 2 3 5
3 2 4[=0:;/3 2 9|=0:3 4 9/=0;]2 4 9|=0
1 0 1 1 0 4 1 1 4 0 1 4

suy ra r(A) =2
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+ Phwong phdp diung phép bién d6i so cdp: bién doi ma tran vé dang bac

thang
1)171 1)172 bl,r bl,n
0 boo ... bayp ... bon
B = 0 0O ... brpr ... brn
0 o ... 0 ... O
0 o ... 0 ... O

v6i b j =0,Vi> jhayi>rvab; #0,i=1,rthir(A) =r(B) =r.
Vi dy. Tim hang ma tran

1 3 2 0 5
2 6 9 7 12
A= -2 -5 2 4 5
1 4 8 4 20
1 3 2 0 5 1 3 2 0 5
Ah2—2h1;h3i2>h1;h4—h1 0O 0 5 7 2 h4—hﬂg<—>h3 0O 1 6 4 15
01 6 4 15 0O 0 5 7 2
01 6 4 15 0O 0 0 0 O

suy rar(A) =3
+ Ngoai ra, c6 thé tim ma trdn nghich ddo qua cdc phép bién déi so cdp:
1ap ma tran khéi A|E (E cling ¢ v6i A, thuce hién cdc phép bién ddi so cdp CHI
TREN HANG, néu dwa duoc vé dang E|B thi B 1a nghich ddo ciia A.

L -1t tooy, (1L -1 1] 1 00
Vidu. AIE={2 1 1 | 0 1 0 hLh 0 3 -1 ] -2 10
1 1 2] 00 1 0 2 1 | -1 0 1
mmanens (L7301 2 0 <1\ /1 =30 | 2 0 -l
il 0 5 0] -31 1| =0 1 0| =35 1/5 1/5
0 2 1| -1 0 1 0o 2 1| -1 0 1

100 | 1/5 3/5 —2/5
01 0 | =3/5 1/5 1/5 | thu duwoc két qud nhu ca.
01 1 | 1/5 -2/5 3/5

h1+3h2,h3—2h2
—

BAI TAP
1.1. Khong tinh, chitng minh cdc dinh thitc sau chia hét cho 17:

2 0 4 3 2 3
5 2 7| 20 9 1
2 5 5 55 2 5

1.2. Chirng minh cdc dang thirc sau day (khong tinh dinh thitc bang dinh nghia):
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al —a 0 0 0
14z 142192 ... 142198 0 as —asg ... 0 0
1421 14222 ... 1+ 22y, ) 0 0 as 0 0
l4+zpyr 14+20y2 ... 1429, 0 0 0 e Qp—1 —an
1 1 1 1 1+a,
2 1 2 1 -2
1.5.ChoA=|3 0 1| vaB=[|4 6 |.TimA? AB,A".
0 1 2 5 -3

2 —1\" a 1\" cosr —sinz\
1.6. Tim céic ma tran ; ; .
3 -2 0 a sinx coszx

1.7. Cho A — (1 2). Tim f(A) v6i f(z) = 2% — 4z + 3, f(z) = 22 — 2z + 1.

2 1

2 1 1 1 2 =2
a. ChoA=13 1 2|vaB=|2 3 1

1 -1 0 1 2 2

2. Tim f(A), f(B) v6i f(z) =2? —x — 1
2 1 00 1 3 =5 7
. ~ . ) 3 2 0 0 |0 1 2 =3
b. Tim ma tran nghich ddo cia A = 1 1 3 4l B = 00 1 29
2 -1 2 3 0 0 O 1
1.9.
a. Tim ma tran vuéng cap hai c¢é binh phwong bang ma tran khong.
b. Tim ma tran vuong cip hai c6 binh phwong bang ma tran don vi.
1.10. Tim ma tran X sao cho:
1 2 3 5 3 -2 -1 2
(3 2)r=(33) (2= (5 5)
1 2 =3 1 -3 0 1 1 -1 1 -1 3
3 2 A4 IxX=[(10 2 7|; Xx|2 1 0 ]=114 3 2
2 -1 0 10 7 8 1 -1 1 1 -2 5
2

4 1 2 1 5 0
(3 —1)XX (5 3)_(6 1)’
11 1
2 1 -1 1 0 5
X><011—2( ):( );
(001) 30 6 1 -2 1
1 2 2 3 5 1 5
25 4|xx+|7 6]|=3[-1 2]
2 4 5 2 1 —2 0
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Chuong 2. HE PHUONG TRINH TUYEN TINH (2+2)
I. Cac dinh nghia

* Ta goi hé phwong trinh tuyén tinh m phwong trinh n dn la hé c6 dang
1,121 + a1,2T2 + -+ a1,pTn = by

a2,1%1 + a22%2 + - -+ + a2 nTy = ba @
Gm,1T1 + Qm, 222 +--+ Am,nLn = bm
trong d6 a; j,b; (i = 1,m,j = 1,n) la cdc hé s6 (thuc ho#ic phitc), z1, 22, ..., 2, 1a cdc
4n s6. Hé phwong trinh tuyén tinh dwoc goi 1a c¢é nghiém (hay twong thich) néu
tap nghiém cia né khac rong.
+ Hé (1) c¢6 thé dwogc viet dudi dang ma tran AX = B trong dé:

ai1  ai2 ... ai,n 1 b1
az.1 ass ... a+2.n
A = ’ ’ ’ ; X = T2 | B = b hay
D b
m,1 OGmy2 ... Qm,n n m
a1 ai2 ... ain b1
;. R R — as.q ass ... a-+2,n by .o,
duéi dang ma tran mé rong: A = ’ ’ ’ , khi d6 hang
Am,1 Gm2 .- mn b

r(A) cda A dugc goi 1a hang cia hé phwong trinh (1)
I1. Heé Cramer
* Hé (1) c¢6 s6 phwong trinh bang s6 nghiém (m = n) va dinh thitc det(A) = 0 duge
goi la hé Cramer.
~ . . _— D
+ Heé Cramer c6 nghiém duy nhat dwoc xac dinh nhw sau: Vi = 1,n,z; = 31, trong
d6 D = det(A), con D; la dinh thitc thu duge tit D bang cdch thay cot thir ¢ bang
cOt hé s6 tu do.
1+ 222+ 3x3 =6

Vi du. Gidi hé: ¢ 221 — a9+ 23 =2
3x1 + x99 — 213 =2

1 2 3
DoD=(2 -1 1 [=30%#0,hé cénghiém duy nhat (1,1,1):
3 1 -2
L6 23 R ER A N EE I
r=—12 -1 1 |=lLiy=—[2 2 1|=Tl:2=—[2 -1 2|=1
301 1 9 3013 9 _9 3013 1 9

ITI. C4c dinh ly vé nghiém cda hé (Kronecker-Kapeli)

+ (1) c6 nghi¢m (twong thich) khi va chi khi r(4) =r(4).
+ (1) c6 nghiém duy nhat (xdc dinh) khi va chi khi 7(A) = r(A) = n.

+ néu r(A) = r(A) =r < n thi (1) ¢6 v s6 nghiém va cdc thanh phan nhiém phu
thuoc n —r tham s6 tuy y.
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ar1+ o+ 3 =1
Vi du. Bién luan theo a s6 nghiém cia hé: r1+ars+ x3 =1
1+ Totars =1
Dung céc phép bién doi so cAp dé xac dinh hang clda A va A
a 1 1 | 1 11 a | 1
A=1 a 1 | 1|™ 1 4 1 ] 1
11 a | 1 a 1 1 | 1
11 a | 1 11 a 1
P2l a1 1-a | 0 |2 (0 a-1 1-a | 0
Pl \0 1-a 1-a® | 1-a 0 0 2-a—a® | 1-a
+ Néu 2 —a—a? =0, c6 2 treong hop:
111 |1
a=1thi A— [0 0 0 | 0| =7r(A) =7(A4)=1<3, hé cé vo sd
000 |0
nghiém phu thudc 2 tham sé tuy y.
11 -2 | 1
a=-2th: A— [0 -3 3 | 0] =174 =2<r(A =23, hévo
0 0 0 | 3
nghiém.

+ Néu2—a—a?#0sa#1,a# —2,thi r(A) = r(A) = 3, hé cé nghiém duy nhat.
IV. Phuong phép gidi hé
+ Céc phép bién d6i so cap cho hé twong dwong (twrong tng véi cac phép bién doi
theo hang cua ma tran mé rong):
— D3i chd hai phwong trinh cho nhau (ddi ché hai hang ciia ma tran)
— Nhén hai vé cda phwong trinh nao d6 véi mot s6 khac 0 (nhén cdc phéan ti
trén mot hang cia ma tran véi mot s6 khéc 0)
— Cong tirng vé cda mot phwong trinh véi mot phwong trinh khéc nhan véi
mot s6 (cong mot hang véi boi sé mot hang khéc)
1. Ap dung dinh ly Carmer
Néu hé phwong trinh tuyén tinh 13 hé Cramer, c6 thé dp dung dinh ly Carmer
ho#ic tim ma tran A~!, suyra X = A~'B.
20 +3y+2z =9
Vi du. Gidi bang phwong phdp ma tran nghich ddo: r+2y—32 =14
3z +4y— » =16

2 3 2
Do det(A) =|1 2 —3|= —6%# 0 né hé la Cramer.

3 4 1

1 A1 Agr Az 1 14 5 =13
Véi AL = ALQ A272 A372 =—1 -10 —4 8

det(4) A1z Ass Asgs S\l 1
L[4 5 13 9 2 T =2

nénX:A_lB:—é -10 -4 8 4= 3 |,suyra{ y=

-2 1 1 16 —2 R
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2. Phwong phdp Gauss (khi din én sé) B
Diing cdc phép bién doi so cap theo cac hang, bién d6i ma tran md rong A thanh
ma tran A; ¢é nhiéu phan tit 0 (nhw ma tran bac thang), khi dé r(A) = r(A;) va

T(A) = T(Al).

+ néu (A1) < (A1), thi hé vo6 nghiém

+ néu r(A;) = r(A;) = r thi lap hé phwong trinh méi (twong dwong hé da cho) sau
kho bé cdc hang ma moi phan tir déu bang 0. Gidi hé nay (r phwong trinh, n 4n
s6) bang cach chon r &n co ban va n —r &n khong co ban (thay bang tham sé tuy

¥), néu r = n thi hé

c6 nghiém duy nhét.

Vi du. Gidi cdc hé phwong trinh sau:

o 1 -3 2 -1 1 -3 2 1 hax1/2 1 -3 2 -1
A=(1 9 6 3 |™% (0 12 4 4™ |0 3 1 1|,
1 3 5 1)™™\o 6 3 2/ ™™ \o o0 1 o
r1 —3xs + 223 = —1 1 = —1+ 3z — 223 r1 =0
1
suy ra 320+ 3 =1 =< 3290 =1-—2x3 = :c2:§
r1 —3x9+ 23— x4 =2
2x1 + Txg — x3 = -1
dr1 4+ x9+3x3 —22x4 =1
- 1 -3 2 -1 2 1 -3 2 -1 2
B=|2 7 -1 0 1™ (0 13 -5 2 —5]|"l
4 1 3 —2 1 )M\ 13 -5 2 -7
1 -3 2 -1 2 B -
0 13 -5 2 —5| =51 Dor(B) =r(By) =2<3=rB) =r(B), he
0O O 0 0o -2
vo nghiém.
1 + 520 + 43 +3x4 =1
200 — x9+ 23— x4 =0
51 +3x9+ 8xz3+ x4 =1
41 + 929 + 1023 + 524 =2
1 5 4 3 1 1 5 4 3 1
O — 2 -1 2 -1 0 h3—h;—>2h2 2 -1 2 -1 0
15 3 8 1 1) hs—2n-h {0 O 0 0 O
4 9 10 5 2 O 0 0O 0 o
4

ha—2h 1 5
bd hahye \ 0 —11

r1 —3xs +223 = —1
1+ 920 + 63 =3
r1+3x2 +523 =1

-6 -7 =2

3 1 ), tire la:



{:c1+ Sxg +4x3 +3x4 =1
—11.362—6.363—7564 = 2.
r 14 +25+ 1
T = ——a+ — —
! 1 1”1
Ch = =03t oy = 6a 76+2
on rs = a, x4 = 3, ta suy ra: 2 =T 11 11
r3 =«
\ T4 :6
ar+ y+ z =1
Vi du 2. Giai va bién luan theo a: r+ay+ z =a
r+ y+az =a?
o a 1 1 1 1 1 a a? 1 1 a
A=(1 a1 a|™P (1 a1 | ™2 [0 a-1 1-a
1 1 a a a 1 1 1)™ ™ \0 1-a 1-a
e 1 1 a a?
2l qa-1 l1—a a— a? , suy ra:
0 0 2—a—a®> l4+a—a®—-a

*Néu2—-a—-a>=0&(a=1)V(a=-2)

a2

(I—GQ

1—a

3

16

+ Néua=1,thi A — (111 1), twong dwong véi x +y + 2z = 1 nén c6 vo sé nghiém

dang (1 —a—f#;1;1) véi o, 8 tuy y.

1 1 -2 4
+ Néua=-2,thiA— |0 -3 3 -6
0 0 0 3,
nghiém.
*Néu2—a—a?>#0% (a#1)A(a# —2)
1 1 a a®
A heesd 0 1 -1 —a2 7
h3:2—a—a? 0 0 1 <a+1)
a+(2 a1
r+y+az =ad? T T
y— z = —a P 1
(a+1)? a+2
T a-2 R
. a+ 2
ar+ y+z =1
Vi du 3. Giai va bién luan theo a, b: x4+ by+z =3
r+20y+2z =4
a 1 1 4 1 1
D=det(Ad) =1 b 1|=(1-a)b;D,=|3 b 1
1 2b 1 4 2b 1
a 4 1 a 1 4
Dy=|1 3 1|=1-aD.=|1 b 3|=4b—2ab—1
1 4 1 1 2b 4

nén hée da cho twong tng véi:

suy ra 7(A) = 2 < 3 = r(A) nén hé vo
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+NéuD:(l—a)b;«EO@{Z#l,héla(}ramer, ¢6 nghiém duy nhét:
(o —2b+1
o (1 —a)b
1
X2 —g
 4b—2ab—1
\:CS (1 —a)b
r+ y+z =1 T+ y+z =4
+ Néua =1,hétréd thanh: { z+ by+2 =3 & (b—1)y =—1,thi
r+2by+z =4 (2b — 1)y =0
T =2—-«
—Néu26—1:0<:>b:1:{w+y+z :0<:> y =2 , atuy y
2 Y =2
2 =«
T+ y+z =4
— Néu2o—-1#0&0b# %: (b—1)y = —1 vo6 nghiém vi (b—1)0 = —1
Y =0
ax—y+z =4
+ Néu b =0, hé trd thanh: x +2z =3 vO nghiém
T +z =4

V. Hé phuong trinh tuyén tinh thuin nhit

* Hé phwong trinh tuyén tinh thudn nhdt 1a hé c6 dang

AX =0

(1)

(B la ma tran toan s6 0), khi d6 r(A) = r(A), hé luén luén c6 nghiém:
+ néu r(A) = n, hé ¢6 nghiém duy nhat nghiém tam thwong r1 = 22 = -+ =

z, = 0;

+ néu r(A) < n, hé c6 vo s6 nghiém, cdc thanh phan cia nghiém phu thudc n — r(A)
tham s6, nén c6 nghiém khéc nghiém khong (nghiém khéng tam thwong).

+ V6i hé ¢6 n phwong trinh, n an s8, hé ¢6 nghiém khong tim thwrong khi va chi khi
det(A) # 0 va c6 nghiém duy nhat tAm thwong khi va chi khi det(A4) = 0.

Vi du. Tim a dé hé

thuwong

(ary+ 22+ + XTp1+ Ty, =0
T taxrs+-+ xp1+ vy, =0
=0

rT1+ 22+ +arp_1+ T, =0

\ 21+ 29+--+ Tp_1+ax, =0.

¢6 nghiém khong tam
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a 1 ... 1 1
1 a ... 1 1
det(A)=1]... ...
1 1 ... a 1
1 1 ... 1 a
a+n—1 a+n—-1 ... a+n—1 a+n-—1
1 a 1 1
h1+_2:hi
=t 1 1 a 1
1 1 1 a
1 1 ... 1 1
1 a 1 1
=(a+n—-1)... ...
1 1 a 1
1 1 1 a
1 1 1 1
i 0O a—1 ... 0 0
ffll(a—kn—l) =(a+n—1)(a—1)"""!
= 0 0 a—1 0
0 0 0 a—1
a=1—n
Hé ¢6 nghiém khong tam thwong khi det(A) =0 < g1

+ néu
(a3 00;. . 50m—1;00) va (B1; 025 .. .5 Bn—1; On)

la nghiém cda hé (II) thi
Vh,k € R: (hay + kBi;hag + kBa; ... s han—1 + kBn—1; hay, + kfBy)

cung la nghiém hé (II).

+ Truomg hop r(A) < n (s6 &n cda hé) thi r(A) an co bdn dwgce biéu dién qua
n —r(A) an khong co ban (18y gid tri tuy ¥). Néu chon n — r(A4) 4n khong co ban
twong ing theo n — r(A) thanh phan cia n — r(A4) bo sé6:

(1;0;0;...;0);(0;1;0;...50); (0;0;1;...50);...5(0;0;0;...;1)

thi n — r(A) nghiém cu thé cda hé (IT) dwoc goi 1a mét hé nghiém co bdn cia
hé.
r1+ 229 — 223+ x4 =0
2¢1 +4x9+ 223 — x4 =0
1+ 229 +4x3 — 224 =0
41 +8x9 — 223+ x4 =0

Vi du. Tim hé nghiém co bdn cua
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1 2 -2 1 1 2 -2 1
T [2 4 2 —1]m-2n [0 0 6 —3|nn 1l 2 =2 1)&ng
1 2 4 -2 hy—ny {0 0 6 =3 22 \0 0 2 —1
4 8 —2 1/ ha-4hi \0 0 6 3/ hazhe
v&i hé:
1 +2x9 — 223 +x4 =0 r1 = —2x9
{ 203 — x4 =10 <:>{:c4 = 2x3.

+ Chon (z2,z3) = (1,0), ta ¢6: nghiém (—2;1;0;0)
+ Chon (z2,23) = (0,1), ta ¢6: nghiém (0;0;1;2)
* Gidi thich cdch tim ma trdinghich ddo & phdn IV, chwong 1

a1,1 @12 @13 ... Qln
~ ~ a1 as92 A9 Ce a9 , , ~
Cho ma tran vuong A = ’ ’ 3 | c6 det(A) £ 0. Xét hé
Gn,1 Gn2 Gn3 ... Gn,n
\ A~
n phwong trinh 2n an:
(a1,1%1 +a12T2 +a1,303 + -+ a1, pTn + Tpp =0
(2,11 + a22%2 + G23T3 + + -+ + A2 nTn + Tpio =
a3,1T1 + a3 2T2 + a3z 3r3 + -+ a3z nTn + Tnys =0
\ Gn, 121 + Qn 272 + p 323 + -+ Qp nTn +2py1 =0
c6 dang ma tran
AxX+X' =0 AxX =-X (1)
X1 Tn+1
X2 Tn+2
v X = | T3 | va X' = | Tnt3
Tn Ton
Videt(A) #0,3A 7 nén: (1) X =-A1x X & X+ A7 x X' =0 (%)
ai ai 2 a3 ai,n | 1 0 O . 0
az;1 az 2 az 3 e az n | 0O 1 0 0
Hé c6 ma tran hé s6: | as1 as2 as3 ... asn, | 0 0 1 0| =(AFE)
an1 Gpn2 Aan3g ... Apn | 0 0 0 ... 1

Gid st qua cdc phép bién dodi so cap trén cac hang, ta dira dwoc ma tran vé dang

1 0 0 0 | bix b2 big ... bin
0 1 0 0 | 1)271 1)272 5273 ce bQ,n
0o 0 1 0 | b31 b32 b3z ... b3, | =(EB)

0 0 0 ... 1 | bot buz bps oo bunm
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ing véi he:
(X1 +b11%n+1 + b1 2Tpy2 F b1 3Tp43 + - F b1 px2n =0
) +b212n+1 +b2oTpy2 Fba3Tpyz+ -+ bapx2n =0
T3 + 03141 + 03 2Tny2 +033Tp43 + -+ b3 ,22n =0
\ Tn + bn,lwn—l—l + bn,2$n+2 + bn,3$n+3 + 4+ bn,nw2n =0

c6dang X + Bx X' =0,suyra B=A"!

BAI TAP
3x —dy+ 2244t =2 20+ y—2z =1
2.1. Giai cdc hé phwong trinh sau: ¢ 7x —4y+ 2z+3t =5 r— y+z =2
Sr+ Ty —4z—6t =3 4 +3y+z2 =3
((x+ y—3z =-1 204+3y— 245t =0 r—2y+3z—4t =4
204+ y—2z =1 3r— y+22-Tt =0 y— z+ t =-3
r+2y—3z =1 dr+ y—3z+6t =0 r+ 3y -3t =1
(. 2+ y+ z =3 r—2y+42-7Tt =0 —Ty+3z2+3t =-3
. r— y+22-3t =1
20+ y—3z =4 r+3y+4z =8
r+4dy— z2—-2t =-2
TH2y+ 2z = 2+ y— 2z =2
Sr—3y+2: —11 | 2046y—5: —4 |7 WEIETA =72
T — z = x -5z =
. Y Y x—8y+5z—2t = -2
(20 4+3y— z+ t =2 (3x+4y+ bz+ Tt = T+ y+o52 =-7
204+ 3y + 2 =4 20+ 6y — 3z+ 4t = r+3y+ 2z =95
20 + 3y + 2z =3 dr 4+ 2y + 1324+ 10t = 20+ y+ 2z =2
\ 22+ 3y =5 (| 22 + 212+ 13t = 20 +3y—3z =14
(20 —by+4z+3t =0 (3z+ y—3z+t =1 r+2y+3z— 1t =1
3r—4y+ 72+ 5t = 20 — y+T7z—3t =2 3r+2y+ z—t =1
dr — 9y + 82+ 5t = r+3y—22+5t =3 20 +3y+ 2+t =1
( 3 —2y+52z—3t = ( 3z —2y+T72—-5t =3 5x + by + 5z =2
f8:c+6y+5z+2t =21 (x1 + 22 =1
3x+3y+2z2+ t =10 x1 + X2 + 23 =4
dx 4+ 2y + 32+ =38 To + x3 + 24 =-3
3xr+dy+ z+ t =15 T3+ x4 +5 =2
\ Te+4y+52+2t =18 \ T4 +x5 = —1

(21 + 229+ 3x3+ 4x4 =0
Trx1 + 14x9 + 2023 + 2724 =0
5xz1 + 1029 + 1623 + 1924 = —2
( 321+ dSx2+ 623+ 1324 =5
2.2. Gidi va bién luan theo a cdc hé sau:




(a+ 1)z + Y+ z =1
r+(a+1)y+ z =a
\ T+ y+(a+1)z =a?
((z— y+az+t =a 9 1 1 -1
r+ay—z+t =-1 2 -1 0 =3
ar+ay— z—t =-—1 3 0 -1 1
| 24 y+ 24+t =—a (2 2 2 a
ari —3rs + x3 = —2
2.3. Cho hé phwong trinh ¢ ary + x3+2x3 =3
3x1 +2x9+ x3 =0b.

ar+ y+ z+t 1
r+ay+ z+t =a
r+ y+az+t =a

x 1
vyl 2
“1 2]~ =3
t —6
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N ~ A A N A 7 7. oz . s N N [N A
a. Tim a dé hé trén la hé Cramer; tng véi gid tri cia a vira tim, tim nghiém cua hé

theo b.
b. Tim a,b dé hé trén vo nghiém.

N ~) A~ ~ , A LN \ LN A~ 7 ~
c. Tim a,b dé hé trén c6 vo s6 nghiém, tim nghiém tong quat cia hé.

2.4. Tim m dé cac hé phuwong trinh sau day:
a. c¢6 nghiém

2 3 1 x 7 3 6 .
3 7 6 |x|y|l=|-2];14 8 x( ):
5 8 1 x m 2 7 4
3 2 5 x 1 3 7 5 x
2 4 6 |x|yl=[3]:12 3 1|x|y
5 7T m z 5 6 9 3 z
(mx + 2y + 3z + 2t
(3r4dy+ Bzt Tt =1 Y
20 +my + 3z + 2t
20 + 6y — 32+ 4t =
; 20+ 3y +mz + 2t
dr 4+ 2y + 132410t =m 9%+ 3y 25+ mit
x z+m
5z +212+13t — Y

\ 22+ 3y + 2z + 3t

=3
=3
=3

=m

20— y+ z2— t =1
Y x4+ y+(1—m)z =m+2
) n 20 — y -3t =2
b. vO nghiém: ;¢ (T+m)z— y+ 2z =
3x - z+ t =-3
20 —my + 3z =m+2
2042y —2z+mt = —6
(MX1 + T2+ T3+ -+ Tp =0
r1+mr2+ z+3+--+ z,, =0
c. vo dinh: 1+ To+mx3+---+ x, =0
\ 1+ T2+ 23+ -+ mz, =0
r+2y+ 2+t =1
3r+2y+ 2 =3 r+my— z2+2t =0
20 4+3y+ 2+t =1
;s mxr+ y+2z =3 ;¢ 2x— y+mz+5t =0
r+2y+3z2—t =1
mr—3y+ 2z = -2 rz+10y—624+ t =0
ox + dy + 2z =2m+1



d. ¢6 nghiém duy nhat:
( x+4y+ 32+ 6t

r+3y—z+ t =1 r+ y+ z+mt =1
—x + z+ t
3x+3y—z+mt =2 r+my+ z+ t =
; ; 20+ y— =z
20 +2y+z+ t =3 mr+ y+ z+ t =1
2y +mx
5x + 3y +2t =1 z+ y+mz+ t =1
\ 22 +0y+ 32+ 7t

2.5. Chitng minh hé sau ¢6 nghiém duy nhat, tim nghiém doé:

( Tot+rs+a4+-+xp1t+x, =1
x1 +r3tTa+-+Tp1 T, =2
r1 + x2 +r4+ -+ T t+x, =3

(21 +22+23+T4+ -+ Tp—1 =n

2.6. Tim diéu kién theo a dé hé sau c6 nghiém duy nhat

(T1 + azxrs =0
.CC1+(1+(1)£U2+ azxs =0
xo+ (1+a)xs + axy =0
z3+ (1+a)rs + ars =0
. s+ 1+a)zs =0
2.7. Bién luan theo a s6 nghiém cia hé phwong trinh:
( (a—3)x + Y+ z =0 ar+ay+ z =a
x+ (a—3)y+ z =0;¢ ar+ y+az =1;
\ x+ y+(a—3)z =0 r+ay+az =1
r— yt+az+t =a
( ar +ay+ (a+1)z =a Y
rTH+ay— z+t =-1
ar+ay+ (a—1)z =a
ax+ay— z— t =-1
((a+1)z+ay+(2a+3)z =1
r+ y+ z+ t =-—a

2.8. Tim nghiém nguyén dwong (néu cd) cia hé phwong trinh sau:
{:c+ y+ oz :100_{ r+2y+3z =14
r+15y+252 =500" | 22+3y— 2z =5~
r— y+ z4+ t =2
20+ y—32+2t =2
3r—2y+ 2+t =3
2.9. Tim cdc da thirc bac 3 f(z) biét:
a. f(=1)=0; f(1) =4; f(2) =3; f(3)=16;
b. f(=1)=5; f(1) =5; f(3) =45; f(—4) = —25.

2.10. Tim nghiém tong quat va hé nghiém co ban cla hé phwong trinh sau:

x4+ 3y — 3z _
3v—3y+4z =4’

22
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r+ y—4z =
(20— y+52+7t =0 Y

20 +9y+62 =0
4 —2y+T2+4+5t =0; ;

3r+5y+22 =
(20— y+ z—-5t =0

e +Ty+5z =

(x+2y+ 42— 3t =0 T +8247 =0
3r+by+ 62— 4 =0 | 20+ y+4dz+ ¢ =
dr4+5y— 224+ 3t =0 | 3z+2y— z2—6t =
( 3z +8y+242—19t =0 Tr+4y+6z—5t =0

2.11.

a. Trong mot x{ nghiép sdn xudt, c6 15 cong nhan dwge chia lam 3 bac (IILIIID),
hudng lwong thing lan lwot 1a: 600.000, 500.000, 400.000 dong. Moi théng xi
nghiép phat 7,7 triéu dong tién lwong. Hdi trong xi nghiép dy, s6 cong cong moi
bac c6 thé 1a bao nhiéu?

b. Mot hop tdc xa nong nghiép ¢é 300 ha dat, 850 cong lao dong va 65 triéu dong
tién von danh cho sén xuat vu he thu véi dy dinh trong céc loai cay LILIIT ¢6 chi
phi sdn xudt cho moi ha giao trong nhu sau:

|Loai ciy | VOn bang tién (dong) | Lao dong (cong) |
I 200.000 2
II 150.000 3
III 400.000 )

-00000-



24

Chuwong 3 . .
HAM NHIEU BIEN & TiCH PHAN KEP

I. Ham nhiéu bién
1. Khdi niém
* Cho D C R%. Mot énh xa

f: D—R
(z,y) = f(z,y) =2z €R

dwoc goi 1a ham hai bién xdc dinh trén D, D dwgc goi 1a mién xdc dinh
cia ham hai bién f(x,y).
Vi du.
+ Mién xdc dinh cia ham z = f(z,y) = /1 — 22 — y? 1a tap

D={(z,y) eR*: 2%+ y*> <1}

(hinh tron tam O bén kinh 1).
+ Mién xdc dinh cda ham z = f(z,y) = In(z+y) latip D = {(z,y) e R* 1z +y > 0}
(mta mat phang ndm phia trén dudmg thang y = —x trén mat phang zOy.
Cho ham hai bién z = f(z,y). Trén mit phang Oxy, mdi cip (z,y) dwgc biu dién
bdi mot di€ém M (x,y), nén ta c6 thé xem 2z = f(x,y) 1a ham cdc diem M (z,y), ky
hiéu z = f(M).
Cho ham hai bién z = f(z,y) ¢6 mién xdc dinh D. Trong khong gian Ozxyz, xét
cac diem P(z,y, z) thoa man (z,y) € D va z = f(x,y). Khi M chay trén mién D,
cdc diém P vach trong khong gian mot mit cong dwoc goi 1a do thi cda ham
hai bién x = f(x,y).
* Cho D C R™ = {(x1,22,...,2n) : x; € Rji =1,...,n}. Mot 4nh xa

f: D—>R
(.fCl,ZCQ,...,ZCn) — f(.fCl,.CCQ,...’,an) =z2zcR
dwoc goi la ham n bién f(x1,x2,...,2,) xde dinh trén D (D dugc goi 1a mién

xdc dinh).

* Cho ham hai bién z = f(z,y) xdc dinh trong khodng h& U cia M,(z,,y,) (khong
can xdc dinh tai M,). S6 L dwogc goi la gidi han cida f(r,y) khi M(x,y) ddn
dén M,(x,,y,) néu véi moi day di€m M, (z,,yn) thuoc U dan dén M,(z0,9,), ta
déu co: nleréof(wn, Yn) — L. Ta ky hiéu:

lim f(x,y) = L.

T—T,
Y—Yo

Ham s6 z = f(z,y) xéc dinh trong mién D dwoc goi la lién tuc tai M,(z,,y,) € D
néu:
lim f(z,y) = f(xo,Yo)-

T—T,
Y—Yo
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2. Dao ham va vi phan ham nhiéu bién
2.1. Dao ham riéng
* Cho ham s6 z = f(z,y) xac dinh trén khodng hd U cia M, (x,,y,), khi d6 Ax =
x—1x, va Ay = y—y, dugce goi lan lwot 1a s6 gia cia bién sé x vay, Az = f(ro+
Ax,Yo)—f(To, Yo) VA Ayz = (20, Yo+ Ay) duge goi lan lugt 1a sé gia riéng cia ham
z = f(z,y) theo x va theo y tai My(xo,Yo), con Az = f(zo+Ax, yo+Ay)— f(x0, Yo)
dwoc goi la 86 gia toan phdn cia ham z = f(x,y) tai M,(zo,Yyo).
* Néu lim Boz va lim By? ton tai hiru han thi cdc gidi han d6 dwoc goi 1a céc
Az—0 Ax Ay—0 Ay
dao ham riéng cia ham x = f(x,y) tai (z,,y,) cia bién r va bién y, ky
hidu Tin luot 13

az A z

. o _ 0z T x
Zx('xovyo) - fx('xO’yO) O <$O’y0) Al;cIEO Az
az A z
’ _ g el — 1; y=
Zy(wovyo) - fy(:co,yo) - ay <$0’y0) Algl/lllo Ay

* Néu ham z = f(x,y) ¢b cdc dao ham riéng theo bién x va bién y tai V(z,y) € D,
ta n6i z = f(x,y) ¢ cde dao ham riéng theo bién r va theo bién y trong
mién D, ky hiéu la:

0z 0z
Flaw) =% =55 e == 5

Vi du. Tinh cac dao ham riéng cia
+ z=2Y x>0
r_ r —1.
Ry = (':Ey)ac - ywy )
2zl = (2¥), =a¥.lnx

+

N

I

o

TS
RS

N\

Il
~~
aQ

<8
~
8 ~

Il

D

<8
—
<R
| I

Il

D

<8

1
Y
z’ <6£)/ oF [w} o2 ( :c) T oz
= y =ev. | — —ev. | —-—— )| = ——.ev
v v yl, y? y?

+ z = Arctgzy;

(zy), y
zl = (Arctgzy)l, = T (:c;)Q - T $2y2;
o (zy)y _ @
Yoo l+ (ay)? 1+ a?y?

2.2. Vi phan
* Vi phan toan phén cia ham hai bién z = f(z,y) 1a: dz = z,dx + z,dy, c6 thé ting
dung dé tinh gan dung gid tri ciia ham s6 phitc tap theo cong thirc s6 gia hitu han

nhw sau:

f@o + Az, yo + Az) >~ f1(Z0,Yo) - Az + f, (Zo, Yo) - Ay + f(T0, Yo)
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b. B =/(4.001)2 + (2.997)2

Vi du. Tinh gan ding cc s6 sau: a. A = (0.998)3-00%;
a. Xét z = f(z,y) = x¥ tai M,(1;3). Ta cé:
+ flz,y) =2Y = f(1,3) =3.12=3
+ folz,y) =y~ ! = f1(1,3) =3.12 =3
+ fi(z,y) =a¥.nz = f;(1,3) =1°.1In1=0
Chon Az = —0.002, Ay = 0.001, khi dé:

A= (1-0.002)30-001 — £(1 —0.002,3 4+ 0.001) = f(z, + Az,y, + Ay)
~ fr(ZosYo) - Az + f, (%o, Yo) - Ay + f(T0,¥0) = 3+ (—0.002) +0- (0.001) +1 = 0.994

b. Xét z=f = /22 + y? tai M,(4,3). Ta co:
+ flz,y) = \/582+y = f(4,3) = \/42+432:54
+ filz,y) = 7:#’( 3)=—— =-=0.8
Vvt +y? 42432 5
Y 3 3
+ fz//(fﬁvy):\/TTfifé(‘h?’):m:5:0.6

Chon Az = 0.001, Ay = —0.003, khi dé:

B = /(4.001)2 + (2.997)2 = /(4 + 0.0001)% + (3 — 0.003)% = f(z0 + Az, 5y, + Ay)

= f;(wm yo) Az + f{/(ZCO, yO) ’ Ay + f(ZCO, yo)
=0.8-0.001 + 0.6 - (—0.003) + 5 = 4.999

* Néu céc dao ham riéng 2}, z;, (dwoc goi la dao ham riéng cdp 1) cung c6 dao
ham riéng thi cdc dao ham riéng d6 dwoc goi 1a dao ham riéng cdp 2 cia
z = f(z,y), duwgc ky hiéu va xac dinh nhu sau:

2= e = 2L =
= ) = ok =
= o) = oL =
= T = 55 = ),

+ Néu z = f(z,y) ¢6 cdc dao ham riéng cap 2 lién tuc trong mién D thi trong mién
dé: z, =z,
* Néu z = f(u,v) la ham kha vi va u = u(z,y),v = v(x,y) c6 cdc dao ham riéng

uly, Uy, Uy, v,, trong mién D thi trong mién dé ton tai cdc dao ham riéng

/ / /

Zyp = Zy Uyt 2y, Uy

/ /
T u
/_/ o/
y uu+zv

z Y
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Vi du. Cho z = e*sinv v6i u = zy,v = 22 + y2. Tinh 2/, 2/,.
: ) T~y
Vii 2, = e"sinv; z, = e cosv; uy, = y; uy, =3 v, =27; v

y = 2y, nén:
+ 2h =2l ul 42 vl = e¥sinv-y+e¥ cosv- 2z = ye™ sin(z? +y?) + 22V cos(z? +y?)
+ 2, =z, -u),+ 2,0, = e¥sinv-z+e" cosv-2y = ze™? sin(x? +y*) +2ye™V cos(x? +y?)
1.3. Cuc tri cia ham hai bién
*

Cho ham z = f(z,y) xéc dinh, lién tuc trong mién D. Ta néi z dat cwec dai
(twong tw, cwe ti€u) dia phwong tai M,(z,,y,) € D néu ton tai khodng hé U
cia M,(x,,Yy,) trong D sao cho f(z,v0) > f(z,y) (twong tu, f(z,,v,) < f(x,y))
v6i moi (z,y) € D.
+ Quy tdc tim cuwc tri: Gid st z = f(x,y) c6 dao ham riéng lién tuc dén cdp
2 trong khodng h& chita M, (2o, v0) va c6 [(Zo,Y0) = [(T0,%0) = 0. Dat A =
2o (ToyYo), B = ;ly(SCO,yo),C = Hy<$07y0)v thi:
+ Néu B2 — AC <0, A<0thiz= f(z,y) dat cuc dai tai (x,,yo);
+ Néu B2 — AC <0, A > 0thi z= f(z,y) dat cuc tieu tai (z,,v,);
+ Néu B2 — AC > 0 thi (z,,%,) khong phai 1a diém circ tri;
+ Néu B? — AC = 0 thi khong két luan dwoc.
Vi du. Tim cuc tri cia ham so:
a. 2= f(x,y) =2 —zy+y*+3r -2y +1
b. z =% +y3 — 3y

a. Tacod: 2z, =22 —y+3; 2z, = —v+2y+2; 2/, = 2; z;’yz—l; Zyy = 2.
zl =0 2r—y+3 =0 ro=-3
Gidi ¢ 7 & Y & 3
zy =0 —r+2y—2 =0 1
y p—
4 1 s
Tai diem M, (_5’5)’ta06: A=z, » =2,B=2z,, Ve -1,C = z, » =2,
nén: B2 — AC = (-1)? -2-2=-3<0.
~ N . 4 1 ;e 4
Suy ra ham 2 bién dat cye tiéu tai M, (_5’ §) VOi Zmin = —3
b. Ta cé: z, = 32® — 3y; 2, = 3y® — 3x; 2, = 6x; 2, = —3; 2, = 6y.
2l =0 322 -3y =0 r=y=0
Gidi ¢ 7 & ) Y &
z, =0 3y*—3z =0 r=y=1
Tai diem M,(0,0), ta c6: A = 2/ Mo:O,B:z;’yM = -3,C = z, Mo:O,

nén: B2 — AC=9—0=9>0. Viy M,(0,0) khong phai 1 cuc tri.

Tai diém My (1,1), ta cé: A = ,z;;x)Mo —6,B = ,zgy)Mo - -3.0=z,| =s

nén: B? — AC = 9 — 36 = —27 < 0. Suy ra ham 2 bién dat cuc tieu tai M;(1,1) véi

Zmin — —1.

BAI TAP

3.1.1. Cho ham f(z,y) = % Chitng minh:

lim (lim (:c,y)) = 1; lim <lim (:c,y)) =1

rz—0 \ y—0 y—0 \z—0
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trong khi do iii%f(:c, y) khong ton tai.
y—0
222
w2y + (- y)?

3.1.2. Cho ham f(z,y) = . Chitng minh:

lim (lim (:c,y)) — lim <limf(:c,y)) )

rz—0 \ y—0 y—0 \x—0

, trong khi dé lin%)f(:c, y) khong ton tai.
xr—

y—0
. 11 . . : : .
3.1.3. Cho ham f(x,y) = (v + y)sin—sin—. Chitng minh hn%) hng)f(:c,y) va
€T y Tr— y—
lim <lim (:c,y)) khong ton tai, nhung lim f(xz,y) =0
y—0 \x—0 z—0
y—0
3.1.4. Tinh cac gioi han sau:
2
2,2 @
lim# ; limw; lim [ Y ; lim (22 —i—y2)$2y2
e—0x2 —xy +y2 " e—0xt 4yt 2—0 \ 22 + 92 z—0
y—0 y—0 y—0 y—0
3.1.5. Cho ham
22— o2 wa g 20
z new r +
fay) =3 iy y
0 néu 22 +y* = 0.

Chitng minh f7,(0,0) # f”4,(0,0).
3.1.6. Nghién citu cuwc tri dia phwong cia cdc ham sau:
a. z=a* +yt — 2% —2zy —y? +1
b, v =22 +yt — 2% - 2y% — 1
II. Tich phan hai 16p
1. Dinh nghia, tinh chdt
Xuat phét tir cidc bai todn thire t& (nhuwr tinh thé tich vat thé hinh tru, duong kinh
mot mién), ta c¢6 dinh nghia sau:
* Cho ham z = f(z,y) xéc dinh trong mién htru han D trong 2z0y. Phan hoach
D thanh n mién nhé tuy y ¢é tén va dién tich Asy, Aso,...,As,. Trén moi AS;
(Z = 17 s 7n)7 lé“,y Mz<wzv yz) tuy y va gOI t(A)’Ilg

Ly =Y f(xiy:)As;

=1

la té'ng tich phan cida f(z,y) trong D.
Néu khi duong kinh 16n nhat cia cdc mién As; dan dén 0 (maxd; — 0) ma I,, dan
dén mot gigi han xdc dinh I, khéng phu thudc cdch chia mién D (phan hoach) va
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cach chon M;(z;,y;) trong moi mién As; thi gigi han d6 dwgce goi 14 tich phan
hai lop cia f(x,y) trong mién D va ky hiéu la:

//f(:c,y)ds = lim > f(i,5i)Asi
P4 i=1

max d; —0

trong d6 f(x,y) la ham dwdi ddu tich phan, D 1a mién ldy tich phdn, ds la
yéu té dién tich, x,y la bién tich phan.

Khi tich phan hai 16p ton tai, ta cé thé chia D bdi lwéi cic duwong song song véi
Oz, Oy, khi dé As; 13 hinh chir nhét, yéu t6 dién tich ds bang dx, dy:

J[ 16.wisay - D)
D =

Dién tich mién D dwoc tinh bang:

S(D) = / / dady

D

T6 hop tuyén tinh nhirng ham kha tich trén D ciing kha tich trén D va:

[t £ o lady = o [ [ fiepisay 5 [ [ o pisay

Néu f(z,y) kha tich trén D thi |f(z,y)| cing kha tich trén D va:

J[ 1w wasiy| < [ 156 ldaay

Chia D thanh 2 mién Dy, Dy r&i nhau bdi mot dwong L. Néu f(z,y) kha tich trén
ci Dy, Dy (ké cd bién £) thi né kha tinh trén D va:

[[ 1@ wizay = [[ taasdy + [[ s,z

Néu f(x,y) kha tich trén D va m < f(x,y) < M,V(z,y) € D, thi:

[[16w.dsay
5D

dpem,M: p= )
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+ Néu f(z,y),9(x,y) kha tich trén D va thod man f(x) < g(x) thi:

J[1@wisay < [ [ gta.)dzdy

2. Cach tinh tich phan hai lop
+ Néu ham s6 f(x,y) lién tuc trén mién D = {a < x < b;p(z) <y < Y(z)} trong dé6
o(z) va Y(x) lién tuc trén [a,b] thi:

J[ fayizay = [ b [ /w f()) i, y)dy] d

Vi du 1. Tinh thé tich hinh tru gi¢i han bdi cic mat:

x=0 =1 y=—-1,y=1, 2=0, z =2 +1°

1 1
2
Ta cé: V = /f:cyd:cdy—/ [/ (:c2+y2)dy}d:c:/ (2w2+§)d$:§
~1 0

Vi du 2. Tinh thé tich hinh tru gigi han b&i mit

z=f(z,y) =ay®, mit 2=0, x=0,2=1, y=—2, y=3.

Ta co: 'V = /:cd:c / yidy = 2’

Vi du 3. Tinh thé tich hinh tru gi¢i han béi cdc mit:

2 x? 2 BRI
Ta co: 'V = //:cyd:cdy = / / rydy | dx = / —
1 =2 1
D 2

Vi du 4. Tinh //:cd:cdy, v&i D 1a mién gigi han bdi cac duong y = = va y = 2.
Mién D dwogc zdc dinh: D ={0 <z <1; 22 <y < x}, nén:
1

et~ [ [ o]~

Vi du 5. Tinh I = //(:c — y)dzdy, trong d6 D dwgc gidi han bdi cadc duong

2

—_

y==41, z =y y=x+ 1.
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Mién D dwgc xdc dinh: D ={-1<y<1; y—1<x<y?}, suy ra:

1 y? 1 4 2
Y Y 1 -7
I = —y)dz| dy = = — — ——]dy=—.
/_1 [/y_l(w v) w] y /_1(2 v ) 15

x
+ Cho f(z,y) lién tuc trén D déng va bi chan, la dnh cia D’ qua énh Xa{

Néu
x(u,v),y(u,v) lién tuc va c¢é cidc dao ham riéng lién tuc
0r 0
J(u,v) = % gz £ 0,Y(u,v) € D'
v
//f:cyd:cdy—//f x(u,v), y(u, v)]|J (u, v)|dudv
Ching han khi dit { BRGNS
y =rsing
J(u,v) = cos —rsmgo' .,
sinp  rcose
khi dé:

//f(:c,y)d:cdy :/ f(r cos p,rsinp)rdrdy
D D’

Vi du 6. Tinh tich phan I = / / e~ =V dzdy trong dé D la duomng tron don vi.

2 27
1 1 1
Ta co: I—/ dgo/ - rdr—/ —(1——)dg0:7r(1——).
2 e e
Vi dy 7. Tinh tich phan I = //(:c + 2y)dxdy, trong dé D la hinh binh hanh giéi han

bédi cac duong
r+y=12r4+y=2,2z—-—y=1, 20 —y = 3.

Ta co: D' ={(u,v): 1<u<2 1<v<3}wvaJ=

[_//__(u+v 4u;3v)dudv
:_5/1 l/13(5u—v)dv} du-—%/j(lou—él)du:—%

W DW=
—_
I
|
w
BN
\.O
3
9]
3
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Vidu 8 Tinh I = //yd:cdy v6i D 1a mién:
D

a. Hinh quat tron tam O, ban kinh a nam trong géc phan tw thit 2.
b. Mién giéi han bdi cdec duomg cong ¢6 phwong trinh trong hé toa do cuc la: r =
24 cosp, r=1.

iy ‘ a ) a3 iy ‘ a3
a. I = sin pdp rodr = — sin pdp = —.

2

2 2+cos ¢ 1 27
b. [:/ [/ rdr] sin pdp = 5/ (3 + 4 cos g + cos? @) sin pdyp = 0.
0 1 0

Vidy 9. Tinh I = //\/4 — 22 — y2dxdy trong do:

D
D 1a nira trén cia hinh tron (z —1)? +¢y2 < 1.

o [x=rcosp . T o
Dat ) thi D" ={(r,p): 0<r <2cosp, 0<¢ < =}, khi do:
y=rsingy 2

5 2cosp 8 5 8 )
I:/ V4 — r2rdr d@z—/ (1 —sin®@)dp = - T_Z),
0 0 3 Jo 3\ 2 3

III. Tich phan 3 16p

1. Dinh nghia, tinh chdt
Cho f 1a mot ham bi chin, x4c dinh trén mot tap V do dwoc trong R3. Chia V
thanh hiru han nhirng tap V; do dwoc, khong c¢é diém trong chung. Lap tong tich phan

Zf(é,n,T)AVi (1)

& day AV, 1 thé tich tap Vi, va (£,7,7) 1a mot diém tuy ¥ thude V.
* Goi D la s6 16m nhét trong cdc duong kinh d(V;) cda phép phan hoach {V;}1<i<n.
Néu .
11715102 f(&n,T)AV;

ton tai thi gid tri nay dwgc goi la tich phdan ba l&p cia ham [ trén tap V va
dwoc ky hiéu la
J[[ .2z
%

ham f dwoc goi 1a khd tinh trén V.
+ Tich phan ba 16p ¢6 céc tinh chdt hoan toan twong tw nhw tich phan hai 16p.

2. Cdch tinh tich phan ba lop
+ Néu mién lay tich phan 14 mot hinh hop

V = a1, b1] X [az, b2] x [a3, b3],
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thi:

by [ pbe b
[ st aaiviz = [ [ [ sz ]
v al a9 as
Vi dy. Tinh I = ///wyzdwdydz véi V =[0,1] x [2,4] x [5, 8].
1%

2,8 1
’5 2 7 9 2

1 4 8 2.1 2 .4

X Yy z
I = dx - du - d:—’~—’~—
/0”“8/2“’/5’” 2lo 2 2

+ Néu mién 13 mot thé tru m& rong (gigi han bdi 2 mit ¥ (x,y), o (z,y), mit tru
c6 duong sinh song song Oz, dwong chuan 14 bién

Dyy ={(2,y) : a<x<y,p1(x) <y <pax)}

vGi @1, @2 lién tuc trén [a, b] thi:

J[f st [ [

Vi du. Tinh ///(1 —x —y)dodydz véi mién V gidi han béi cac mat phang toa do va
1%

Y1 (z,y)
/ d(z,y,z)dz | dy| dz

1/}2($7y)

mit phang z +y + 2z = 1.
Tacé: V={(r,y,2): 0<2x<1,0<y<1—-20<z<1-—2z-—y}, nén:

z:/ol UOH (/Ol_x_y(l—:c—y)dz)dy} d:c:/ol [/Ol_x(l—:c—y)Qdy do

11 1
:/ “(1-2)*}1—2%)dr = —
0 3 12

* D6’ bién trong tich phan ba l&p: Cho f lién tuc trén mién déng, do dwoc va
x = x(u,v,w)
bi chan V C R3, v¢i V la dnh ciia V' qua don dnh { y = y(u,v,w) Néu cdc ham
z = z(u,v,w).
s0 r = z(u,v,w),y = y(u,v,w), z = z(u,v,w) lién tuc, cé cdc dao ham riéng lién
tuc trén V' va néu
D(z,y,2) i

/
(u, v, w) Dluvw) |% ¥ Yu #
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thi tai moi diém (u,v,w) € V', ta co:

///f@’yvz)dfﬁdydz = ///f[w(uvva)vy(uvan)vz(U,U,w)]|J(u,v,w)|dudvdw
1% v

T =1TCosp
+ Néu theo toa do tru: { y =rsiny thi:

z=r,

cosep —rsing 0
J(ryp,z) =|sing rcosp 0O
0 0 1

/g/f(:c,y,z)d:cdydz = /Z/f(r cos @, rsin g, z)rdrdedz

Vi du. Tinh I = ///(:cQ + y?)zdrdydz trong d6 V 14 mién giéi han bdi cdc mit
1%

nén

2 +y?=1vaz=2.
Hinh tru tron xoay V dwoc xdc dinh bdi: V = {(r,p,2) : 0 <r < 1,0 < p <

21,0 < z < 2}, suy ra:
2 2 1
I:/zdz~/ dg0~/dr:7r.
0 0 0

x =1rcospsinf
+ Néu theo toa dd cau: { y = rsingsinf thi:

z =1rcosb,
cospsinf rcospcosf —rsinpsing

J(r,p,0) == |sinpsinf rcosfsinp rcospsind
cos 6 —rsin6 0

nén
///f(:c, Y, z)dxdydz == ///f(r cos @ sin @, r sin @ sin 0, 7 cos 6)r? sin Odrdpdf
1% v/

Vi du. Tinh I = ///(:cQ + y?)dxdydz trong A6 V 14 mién giéi han bdi mat ciu
%

22 +y? + 2% =1 va mit nén 2% = % — 22 = 0 (z > 0).
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P

2 4+y?—22 =0,

|
—

giao tuyén la duong tron

Giai hé {

suy ra:
V ={(r,p,theta) : 0<r<1,0<¢p<2m,0<0<

~l>|>l

va f(x,y,2) = %+ y2 =72 sin 6, nén

1_/ ridr - /%dgo/ de_—%/o (1 — cos? B)d(— cos 0)

_ 2n (00839 %) _5\/§7r

= —cosf =
5 3 0 30

* Ung dung cia tich phan kép
+ Dién tich cia mot hinh phdng D déng, do dwoc, bi chan trong R?

:/D/d:cdy

+ Thé tich mién V do dwoc, déng, bi chan

V:/g/d:cdydz

Néu V 1a hinh tru cong, xét D la hinh chiéu cia V xudng mit phang,
z = f(z,y) la mat trén hinh tru cong:

= / f(z,y)dzdy
D

Néu V 1a thé tru mé rong, xét D 1a hinh chiéu cia D lén zOy, z =
1(z,y),z = Yo(x,y) 1a mat dudi, mat trén cia V:

- / / F (1 (5, 9), ¢ (3, ) dady

Vi du 1. Tinh dién tich hinh giéi han bdi cdc duwomg thang z = 1,z = 2 va cdc duong
2 2
a 2a

= y=""(z>0
y=-y w(fﬂ )
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Vi du 2. Tinh thé tich vat thé V gi¢i han bdi cdc mit
P 4y? =2 z=4—2%>—y? 2=0.

V 13 hinh tru cong, mét trén cé phwong trinh z = 4 — 22 — y2, hinh chiéu D cia
V 1én mat phang 2Oy 13 hinh tron 22 + y? < 2. Vay

27 \/5
V://(4—w2—y2)dwdy:/ / (4 — r*)rdr = 6m
0 0
D

+ Cho S la mat cong c6 phwong trinh z = f(x,y), trong dé f lién tuc, c6 dao ham
riéng lién tuc trén mién déng, bi chan, do dwoc, thi dién tich mat cong S la:

S://\/l—kff—kffd:cdy
D
2

Vi dy. Tinh dién tich phin mit ciu 22 + y? + 22 = a? nam trong mit tru =2 + 32 = a2.
Mit tru cat mat ciu thanh hai manh déi xtng nhau qua mit phang xOy, moi

manh nay lai dwoc cdc mit phang toa do chia thanh 4 mdnh bang nhau. Véi z > 0, ta
2

. 2 2 a A
c6: z=+/a? —2? —y? suyral+z," +2z° = -—5——-——, nén
a2 —22 =y

27 a
a rdr
S—s // davd :8:8/ d / _rdr e
/a2—:c2—y2 Y #o o VaZ —r2

x2+y?<a?,2>0,y>0

BAI TAP
//:c In ydxdy
D

0<zx<4 1<y<e.

//((3082 x + sin? y)dzdy
D

3.2.1. Tinh

voi D la hinh chw nhat:

3.2.2. Tinh
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voi D la hinh vuong:

3.2.3. Tinh

3.2.4. Tinh

vdi D la hinh gidi han bdi:

y:2—$27 y:2$—1.

//(:c + 2y)dzdy

véi D la hinh gi¢i han béi cdc dwdong thang:

3.2.5. Tinh

y=x, y=2x,x=2 =23

//e”sm Y cos ydxdy
D

0<z<m, 1gy<g.

3.2.6. Tinh

voi D la hinh chit nhat:

//(:cQ + y?)dxdy

vdi D la mién gidi han bdi cde dwong

3.2.7. Tinh

y=2x, .CEZO, y:17 y:2

// In(x? + y?)drdy
D

vdi D la mién hinh vanh khan gitx hai dwong tron

3.2.8. Tinh

2?2 +y? =€? vaa? +y? = et



3.2.9. Tinh
//(:cQ + y?)dxdy
D

véi mién D gidi han bdi dwong tron x? + y? = 2az.
3.2.10. Tinh
/ / z3ydxdy
D

vd1 D la mién gidi han bdi cde dwong

y=0wvay=+2axr — x°.

// sin(z + y)dxdy

vdi D la mién gidi han bdi cde dwong

3.2.11. Tinh

v
y=0,y=z, x+y=

2
//:cQ(y — x)dzdy

vdi D la mién gidi han bdi cde dwong

3.2.12. Tinh

x =y vy = x>

[[16.dzay

vdi D la mién gidi han bdi duong

3.2.13. Tinh

con ham dwdi dau tich phan

fla,y) = /0 tdt.

3.2.14. Tinh
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vdi D la mién:
a. Cdc duong tron r =a va r = 2a.

b. Duong r = asin2p.
//r sin pdrdp
D
véi D la mién:

3.2.15. Tinh

a. Quat tron gidi han bdi cic duong r = a, ¢ = g, p=m.
b. Nita dudng tronr < 2acosp, 0 < p < g
c. Nita duong tronr =2+ cosp var =1.

3.2.16. Su dung cong thitc aoi bién trong toa dé cuc, tinh cdc tich phan:

R vV R2—x2
a. / / In(1+ 2* + y2)dy] dr
o |Jo

R vV Rx—x?
b. / / VR? — 22 — y2dy| dx
0

i —v Rx—x?
1 2x
Jo L )
0 T

x=u(l—wv)

bang cdch ding cdc bién mdi {

b. Tinh

Y = uv

/D [ dady

néu D gidi han bdi cdc duwdng
zy=1 zy=2, y=x, y=3x.
3.2.18. Tinh cac tinh phan ba lop sau:
2 2

2 2 2 2
a. I:///(Z—Q+z—2+’2—2)d:cdydzvéivgmhgmb&z’mdt%+z—2+i—2:1.
|4

b. I = ///(:cQ +y?)dxdydz, v6i V dwogc gidi han bdi cdc mat 2% +y* = 2%, 2 = 2.
%

c. I = ///(:cQ +y?)dxdydz, véi V dwoc gidi han bdi cdic mat 2 +y? = 2z, z = 2.
%
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3.2.19. Tinh I = ///:cyzd:cdydz, véi V nam trong géc phan tdm thit nhdt, gidi han
%

bdi cdc mat sau, v6i 0 < a < b,0 <a < (,0<m< n:

2 2 2 2
m n

-00000-
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Chuwong 4
PHUONG TRINH VI PHAN
I. Phuwong trinh vi phan cap 1
1. Khdt niém chung
* Ta goi phwong trinh vi phdn cdp 1 la phuwong trinh ¢ dang

F(z,y,y") =0 (D

hoac
y = f(z,y) (Lo)

trong d6 x 1a bién s6, y 14 ham cida z, va ¢’ 14 dao ham cia y.

* Néu ¢6 ham y = ¢(x) théa man phwong trinh (I) hay (I,) thi y = ¢ (z) dwoc goi
& nghiém cia phwong trinh (I) hay (1,).

* Néu ¢6 ham y = ¢(x, C') hodc hé thirc ®(z,y,C) = 0 thda man (I) hay (I,) véi C
tlly ¥ trong mién nao dé cia R, va véi moi dieu kién dau y(x,) = yo v6i (o, Yo)
thuéc mién xdc dinh cia phwong trinh, chi ¢6 duy nhét gid tri C = C, lam cho
y = ¥(x,C,) hay ®(z,y,C,) = 0 thda man diéu kién dau, thi y = ¢(z,C) hoac
®(x,y,C) =0 dugce goi 1a nghiém tong qudt cia phwong trinh (I) hay (I,).

* Néu y = ¢(x,C) hay ®(z,y,C) = 0 14 nghiém tong quit cia (I) hay (I,), cho
C = C, (gia tri cu thé xéac dinh) thi y = ¢(x,C,) hay ®(z,y,C,) = 0 duwogc goi
14 nghiém riéng cia (I) hay (I,). Néu nghiém y = ¢(z) khong phai 1a nghiém
riéng nhan tir nghiém tong quat véi bat ky gia tri €' ndo (ké cd C' = 4o00) thi ta
goi né 1a nghiém ky di cia (I) hay (I,).

+ (Dinh ly ton tai va duy nhdt nghiém): Cho phuwong trinh (I,). Néu f(x,y)
lién tuc trong mién nao dé chita diém (x,,y,) thi ton tai it nhdt moét nghiém
y = Y(z) sao cho yo = P(x,) va néu f, (z,y) lién tuc tai (zo,yo) thi y = () ton
tai duy nhdt.

2. Cdc loai phwong trinh vi phdn cdp 1
2.1. Phwong trinh bién s6 phéan ly
~ d A « N Ao AN
La phwong trinh ma néu thay 3y’ = d—y thi c6 thé bién doéi vé dang fi(y)dy =
x
fo(x)dz. Lay tich phan bat dinh 2 vé thi gidi dwgc phuwong trinh.
Vi du 1. Gidi phwong trinh:
ydy = (2 + 1)du.
L&y tich phan hai vé cia phwong trinh da cho:
2 312 z? C 9 23
/ydy:/(:c +1)d:c<:>?:§+:c+§<:>y =37 +2x+4+C
Vi du 2. Gidi phwong trinh:

(y — 2%y)dy + (zy? + x)dz = 0.tagl

Ta cé: ()& y(a? — 1)dy = z(y* + 1)dz (2)
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+ Néuz? —1=0<4 z = +1 thi dv = 0, nén (2) théa man. Vay x = £1 1 nghiém
cia (1).

Y Néuz? 120z £+l (2) y;i -dy == w;”_ ~da. Ly tich phan 2 vé:
ydy xdx 1 9 1 9 1
= | 1= =1 -1+ =In|C
[ A= [ S5 e gmi 1= gl = 1]+ 5]

2 2
+1=C@E?—1),YC #0
o241 =C22—1) (VC #0). Vay (1) c6 nghiém: | ° (@ —1).v0#

r==l1
Vi du 3. Giadi phwong trinh:
y =32y (1)
. dy 2 2
Ta c6: (1)< e 3x°y & dy = 3z ydx (2)
x
+ Néu y =0 thl ¢ =0, nén (2) théa man. Vay y = 0 14 nghiém cda (1).

~ d ~ ’ ~ ~
+ Néuy #0: (2)& Y _ 302dz. Lay tich phan 2 vé:
Y

Injy| =2® +In|C| < In|y| = ln|Ce$3| Sy=Ce" VC#0

Vay (1) ¢6 nghiém: y = Ce®’ (v6i C tuy ).
2.2. Phwong trinh vi phan dang cip cdp 1

La phwong trinh ¢6 dang v’ = f(z,y) véi f(Ax, \y) = f(z,y), VA # 0.

bat y = uz, ta c6: vz +u =1y = f(x,y) = g(u), ta dwa vé phwong trinh c6 bién
s6 phéan ly v’z = g(u) — u.
Vi du 6. Gidi phwong trinh:

Tty
= 1
U — (1)
bat y = ux = ¢y = v’z + u, ta co:
, T +ux , I1+u 1—-u dx
e dvr+u= S u'r = —u & du = —.
T —ur 1—u 14 u?
Lay tich phan 2 vé:
/ du 1/ 2udu In| |+1l O] & arct In|l+u? In|Cz?|
— =In|z|+ = 1In arctgu — =
1+u2 2] 1+a2 2 s 2 2
Vay (1) ¢6 nghiém:
2Ar(:tgg = In|C(2* + y?)|,VC # 0
x
Vi du 5. Giadi phwong trinh:
2
r_ Y
=2 _9 1
V=3 (1)

bat y = uxr = ¢y = v’z + u, ta co:
e vrtu=u? -2 uz=u?—u—2 (2)
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u=—1
u =2

. N s Y=
+ Neww?—u—-2=0<« [ thi v’ = 0, (2) théa man, vay [y—Q:c la cac

nghiém cua (1)

U -1
+Néuu2—u—2§é0<:>{ 22 thi (2) twong dwong véi:
U
du dx 1 u—2 1 U — 2
— = — =1 —InC &1 = Oz
u? —u—2 x :>3nu_1'+3n <:>nu+1' .

y— 2z = Ca2*(y + )

& y—22 = Cz3(y+x),VC # 0. Suy ra cac nghiém cia (1) la: [
y=—x

voi C tuy y.
2.3. Phuong trinh vi phan tuyén tinh cap 1

La phwong trinh cé dang ¢y’ + p(z)y = q(z) trong dé p(x), ¢(x) 1a cdc ham lién tuc
trén [a, b].
Céch giadi thue hién qua céc buée:
— Siéi phwong trinh tuyén tinh thuan nhat (¢(z) = 0), ta ¢6: y = 0 hoac
Y —p(x)dz = y = Ce /P4 yay nghiém 1a: 7= CeJ p(*)dz
Y

— Tim nghiém riéng y* cda phuwong trinh khong thuan nhat (¢(z) # 0) bang
cach dit y* = C(x).u(z) v6i u(z) = e~/ P@1dr guy ra

y = e‘fp(w)dx./q(:c)ef p(@)dz g,

— lap nghiém tong quat cia phwong trinh khong thuan nhit dang y = 7 + y*
Vi du 6. Giadi phwong trinh:
y —2xy =1
+ Gidi phwong trinh thuén nhat ¢y’ — 2xy = 0, ta ¢6 nghiém:
y = 0 hodc dy =2zdr = Iny=22+InC =7y = Ce® .
+ Nghiém riéng cia phwong trinh khong thuan nhat 1a:

" 22 _x? z2 1 _x? 1
=, [ ze T dr=e¢". (-2 =_z.
Yy e /.CC€ X e ( 26 ) 5

) r .. .
Vay (1) ¢6 nghiém tong quat: y =7+ y* = Ce®” — 3 véi C tuy y.
Vi du 7. Gidi phwong trinh:
Yy + 22y = ze~
+ Gidi phwong trinh thuén nhat y’ + 2xy = 0, ta ¢6 nghiém:

d 2
y = 0 hoac —y:—2:cd:c:>lny:—:c2+ln0:>y:Ce_$ .
Y
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+ Nghiém riéng cia phuwong trinh khong thuan nhat 1a:

2, —x2
.2 .2 2 .2 xTree
y*:ew./w.ew.ewdw:ew./wdw: .

2
, 2 $2€_$2
Vay (1) ¢6 nghiém tong quét la: y =g+ y* = Ce™™ + véi C tuy y.
2.4. Phuong trinh Bernoulli
La phwong trinh ¢6 dang ' + p(z)y = q(z).y“.
-«

Dé gidi, gid thiét y # 0, chia 2 vé cho <, roi dit z = f (1a ham theo x, z # 0),

-«
gidi phwong trinh tuyén tinh cap 1 theo z.

Vi du 8. Giadi phwong trinh:
Y+ 2y = 22333,
+ Néu y =0 thl ¥ =0: (1) théa man nén y = 0 14 nghiém cia phwong trinh
1
+ Neuy Z0 (1)= ¢y =3 +2zy=2 = 223 Dit 2z = —iy_Q (1a ham theo x, z #£ 0),

thi: 2/ = ¢’y =3, phwong trinh trd thanh 2 —dxz = 223 (3)
Gidi (3). Phuwong trinh thuan nhat:

d
z’—4:cz:O:>—Z:4:cd:c:>E:CeQ$2

va nghiém riéng

; 1 . L e
Vay (3) c6 nghiém tong quét: z = 74 2% = Ce?® — 3 (:cQ + —), nén (1) c6 nghiém

1 1
—2:—20623524—562—}—— . o
Yy 2, v6i C tuy y.
y=0
BAI TAP
4.1.1. Gidi cdc phwong trinh vi phdan sau (dqnidua vé bién s0 phdn ly):
(xy? —z)dx+ (y+2%y)dy = 0; y' +sin TTY _gin? 5 y_ 0; y = 2x+y+4;
/ / + ’ 2ZC2 5y
Yy =Vy—z+1; y =erTV—1; xy =e¥—1; dx+ dy =0;

1+ 222 y2+1
(1+ e**)y?dy = e®dx (biét y(0) = 0); Y =e¥4 (bhict y(1) =1)
4.1.2. Gidi cdc phwong trinh vi phan sau (dang dang cdp cap 1):
2
2
y=% -2, y=etyds ay—ymi, oy
x? x x 2 —9?

X
(z?+2zy)dataydy =0;  zy =y—ay; Yy = <1 +1n %) Yy = %+§;

SIS
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Vel ay =gty =Y i) = 3
y . A 7T y y g
vy —y=wig— (bicty(l) = 5); Y ="+ 5 (bicty(=1) = 1);

P Y LN ey ),
y=2+35(2) ticty(-1)=1);

4.1.3. Gidi cdc phwong trinh vi phan sau (dang tuyén tinh cdap 1):

Yy + 2y = dx; (1+$2)y’—2wy = (1—}—:&2)2; xy — 13_ .
X
:cy’+y::c2 cosx, y/—l—2$’y:$€_$2; ylcosgc—}—ysingc: 1;

)

:cy’—:cy — <1+$2)6x; y/+exy — 6235; y/_wlnw
Y

Yy + xy = 3x; y + = = 323; y' + 2y = cosx; y — 2y = sinx;
x
xy +y=-e" (biét y(1) =0); (x+ Dy —y=x(x+1) (bicty(l)=0)

y=xlnz; Yy ——y = 4z?;
x

II. Phuwong trinh vi phan cap 2

1. Khdi niém chung

* Ta goi phwong trinh vi phdn cdp 2 1a phuwong trinh cé dang

Fly'.y,y,z) =0 (IT)

hay
' = [y, x) (IL,)

trong d6 y 1a ham s6 theo bién z, con y',y"” 14 dao ham cap 1,2 cia y, va nghiém
cia phwong trinh 13 ham y = ¢(x) hay ®(z,y) = 0 thda man phwong trinh dé.
Ham y = ¢(z,C1,C3) hoac ®(z,y,C1,C3) = 0 théa man phwong trinh (/1) hay
(I1,) véi Cq,C5 1a hang s6 tly ¥ trong tap con nao d6 cia R, va véi moi dieu
kién y(x,) = yo va y'(x,) = ¥, ta tim dwge duy nhat cdp sé Cig, Cao sao cho y =
Y(x,Cio,C20) hay ®(z,y,Cro,C20) = 0 thda (I1) hay (I1,) dwoc goi la nghiém
tong qudt cia cdc phwong trinh do.

Néu y = 9(y,C1,Cs) hay ®(x,y,C1,C2) = 0 1a nghiém tong quit cda (I1) hay
([[0), cho Cl = 001,02 = COQ v 001,002 1a hai 86 Xac dlnh cu thé’ thi Yy =
Y(x, Co1, Co2) hay ®(x,y, Co1,Co2) = 0 dwoc goi la nghiém riéng cia phwong
trinh do.

(Dinh ly ton tai va duy nhdat nghiém): Trong phwong trinh (I1,), néu ham
f' y, x) lién tuc trong mién nao dé chita diém (Y., Yo, To) thi ton tai mot nghiém
y = y(x) cia (I1,) sao cho y + o0 = y(z,),y, = y'(z,) va néu f,.f,, cing lién tuc
trong mién chita diém (y., Yo, To) thi nghiém dy la duy nhdt.

2. Cdc loai phuwong trinh vi phan cdp 2 thwdong gdap

2.1. Phuong trinh vi phan cap 2 gidm cap duoc
+ Phwong trinh ¢é dang " = f(x) (thi€u y,y’)

Céch gidi: tich phan 2 lan.

Vi du 1. Gidi phwong trinh:

y' =x+1.
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2
Ta c6: y’:/(:c—kl)d:cz%—#:c—kChsuyra:
ZCQ ZCS ZCQ
y:/(7+$+01)d$:€+7+01$+02 véiCl,Cgtflyy.

+ Phwong trinh ¢é dang y"' = f(y',x) (thiéu y)

Céch giai: dat y' = z (ham theo z) = y” = 2/. Nén: 2/ = f(z,z) la phuong
trinh cdp 1 cda z theo z, gidi ra nghiém tong quéat z = ¥ (z, C1), thay z = ¢/, ta cé:
y' = (z,C1) gidi ra nghiém tong quat cia phwong trinh ban dau.

Vi du 2. Gidi phwong trinh:
y// — y/ + xT.

bat y' = z (ham theo z) = y” = 2/, suy ra 2’ — z = x. Day la phwong trinh vi

phén tuyén tinh cap 1 cda ham z theo x véi p(z) = —1,¢(x) = 2 nén c¢6 nghiém:

z = [/q(fﬂ)ef p@)dz gy 4 Cl] e | p(@)de — [/ re dr + Cl] er = Cre” — (x +1).

Thay z =y, tacéd: ¢y = Cre® — (z + 1) = y = Cre” — %—:c—kCz véi O, Cy tuy y.

+ Phwong trinh ¢é dang y" = f(y,y') (thiéu x)
Céch gidi: dat y’ = z (ham theo y), dao ham theo x, ta c6: 3" = 2z, -y = 2’ - 2,
nén: 2’ -z = f(y, 2).
Gidi phwong trinh cédp 1 cia z theo bién y, ta c¢é: z = (y, C1), thay z =y roi gidi
tiép phuwong trinh ' = ¥(y, C1) ta c6 nghiém tong quat cia phwong trinh da cho.

Vi du 3. Gidi phwong trinh:
(1 =)y +2(/)* =0 (1)

1 ../ /

d
bat v = z (theo y) = ¢’ =2y =22 (v6i 2 :d—z),tacé:
Y

(1—y)22+222=0 (2)

+ Néuz=0= 2 =0: (2) thda man nén z = 0 la nghiém cia 2)= 3y ' =0=y=C1
(v6i Cq tuy ¥) 1a nghiém cia (1)

+ Neul—-y=0<y=1=1y =0: (1) thda man nén y = 1 1a nghiém (1) (truwong
hop riéng cia nghiém y = Cy)

+ Neuy#Cy & 2z #0:

d dz  2d
(2)= (1—y)£ S PN 7’2 = yfyl = In|z| = 2In|y — 1| + In|Cy]
dy

1
W :Cld$:>—yf :Cl$+02.

1
=—a. o TG #FLGtuyy
Vay (1) ¢6 nghiém: Y Cix + Cy 17 2 tuy y

Yy = Cl,Cl tfly },f

Suyra: 2 =9 =Ci(y — 1)? =

2.2. Phwong trinh vi phdn tuyén tinh cdp 2 véi hé sé hang
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La phwong trinh ¢6 dang 3’ + py’ + qy = f(x) trong d6 p, ¢ 1a hang s6 thue. * Ddi
v&i phwong trinh thudn nhdt (f(z) =0):
Gidi phwong trinh dic trung: k2 +pk+q=0. (DT)
+ Néu (DT) c6 2 nghiém thirc phan biét ki, ke thi nghiém téng quit cia phwong
trinh thuan nhat la:
Yy = Cref™ 4+ Oheh2?,

+ Néu (DT) c¢6 nghiém kép ki = ko thi nghiém tong quat ciia phwong trinh thuin
nhat la:
y = (C1 + Cox)eM®.
+ Néu (DT) c6 2 nghiém phitc k1 = a + (i, ke = o — (i thi nghiém tong quét cia
phuong trinh thuin nhét la:

y = e (Cy cos fx + Cy sin fx).

* D6t vdi phwong trinh khong thudn nhat y" + py' + qy = f(x) (vé phdi ¢d dang dac
biét):

Bwéc 1: Gidi phwong trinh thuin nhdt tirong tng, tim nghiém tong quat dwéi dang:
Y = Ciy1 () + Cayz(w)

Bwd'c 2: Tim nghiém riéng y* cia phuwong trinh khéng thuin nh&t dé suy ra nghiém

! i Z1J\T—6F11yf(:c) c6 dang P, (x)e* (P,(x) la da thitc bac n):
— Né&u a khong phai 1a nghiém cda (DT) thi y* ¢6 dang:
y* = (apx” + 1z P4 Faiz+ a,)e”
— Néu a la nghiém don cia (DT) thi y* ¢6 dang:
y* =xz(apx” + 12" L4 Farz+ a,)e”
— Néu a la nghiém kép cia (DT) thi y* ¢6 dang:
x

y* =2 (ans"™ + ap_12" "+ arx 4 a,)e?

+ Néu f(z) c6 dang e*®[P,(z) cos bx + Qp(z) sinbz]: (Pn (), Qm(z) 1a cdc da thirc
bac n,m), dat h = max{m,n}:
— Né&u a + bi khong phai 1a nghiém cia (DT) thi y* ¢6 dang:
y* = [(anz" + -+ + a17 + a,) cosbr + (bpa" + -+ - + b1z + b,) sin b e
— Néu a + bi 1a nghiém cda (DT) thi y* ¢6 dang:
y = [(ana” + -+ a17 + a,) cosbr + (bpa” + -+ + bz + b, ) sin bz e
DE x4c dinh céc s6 a;, b; & trén, ta dung phwong phéap hé sé bat dinh: tinh y*’, y*”

roi thay y*,y*',y*" vao phwong trinh khong thuin nhit, dong nhit hai vé& va gidi hé
phwong trinh theo a;, b;.
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+ Nguyén lyj chong chat nghiém: Néu yi(z),y2(x) lin lwgt la nghiém riéng cia
cac phwong trinh y" +p(x).y +q(x).y = fi(x) vay" +p(x).y +q(z).y = fa(z) thi
y1(z) + y2(z) la nghiém riéng cia y"” + p(x).y + q(x).y = fi(z) + fo(z).

Vi du 1. Gidi phwong trinh:
y//_2y/_3y:€4ac (1)
ky =1
ko =3
thuan nhat: y” — 2y’ — 3y = 0 ¢6 nghiém § = Cre™* + Ce3*, C1,Cy tiy y.
Vé phéi (1) ¢ dang Pn(:czle‘”” 4\;(’7i n = 0,a =4 # ki, ks nén nghiém riéng c¢é dang
= 4a,e

Ut = a.el®, suy ra: { s = 160,68 Thay vao (1), ta cé:
- o
1

16a,e*® — 8a,e?® — 3a,e?® = e** = q, = 5 suy ra:

Phuwong trinh dic trung k2 — 2k — 3 = 0 ¢6 nghiém nén phwong trinh

1
Yy = ?-Fy* = 6116_3lc + 612633lc + 564$, VCl,CQ.

Vi du 2. Gidi phwong trinh:
y' =2y +y = 6xe” (2)

Phuwong trinh déc trung k2 — 2k +1 = 0 c6 nghiém kép k; = ko = 1 nén phuwong
trinh thuan nhat: y” — 2y’ + y = O c6 nghiém 7 = (Crz + Cq)e*, Cq,Cy tuy y.
Vé phdi (2) c6 dang P, (z)e® 01 n=1, o= 1=Fky = ky nén nghlem riéng c6 dang
{ y* [a12® + (3a1 + ao)z? + 2a,7]e”
y*'
=6

*

y* = 2%(a1x + a,)e”

, suy ra:
Y [a12 + (6a1 + ao)z? + (6ay + 4a,)x + 2a,]e”

. 6(11 al =1 3 “ , N
Thay vao (2), ta co: 0 = 0 = y* = z°e” nén (2) cé nghiém:
a/O — a’O =
Yy=y+y = (Cl.CC + Cg)e”” + 23e” = (Cl.CC +Cs + .CCS)ex,VCl, Cs
Vi du 3. Gidi p[hwong trinh:
y' 4+ y = 4xe” (3)

Phwong trinh dic trung k2 + 1 = 0 c¢6 nghiém k = +i nén phwong trinh thuin
nhdt: y” +y = 0 ¢6 nghiém y = " (Cy sinx + Cacosx) = Cysinx + Cecosx, Cp,Co
tuy y.

Vé phai (3) ¢6 dang P, (x)e* véin =1,a =1 # ky, kz nén nghiém riéng c6 dang:

y* = (@12 + a0)€”, suy ra: { v = (a1z+ a1 +a,)e”

1 o ) . y*// (alw + 2(11 + ao)
Thay vao (3), ta ¢6: 2a12z + 2a1 + 2a, = 4. Pong nhat 2 vé:
a1 =2 a, = =2 a
= { = y* = (2z — 2)e” nén (2) c6 nghiém:
ai+a, =0 a, = —
y=y+y* = (Cisinx + Cycosx) + (22 — 2)e”,VC4, Co
Vi du 4. Giadi phwong trinh:

y' —y=2¢" —a? (4)

Phwong trinh dic trung k2 — 1 = 0 ¢6 nghiém k = £1 nén phwong trinh thuin
nhat: y” —y = 0 ¢6 nghiém 7§ = C1e® + Coe™*, C1,Cs tuy y.
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Theo nguyén ly chong chdt nghiém, nghiém riéng cia (4) 14 tong hai nghiém riéng

N \ y'—y =2 (4a)
cua hai phwong trinh sau: g 5

y'—y=—x (4b)

Vé phéi (4a) c6 dang P, (z)e*” véin =0,a = 1 = k; nén nghiém riéng c6 dang:
/
7 = (aer 4+ a,)e”
yi = x(a,)e” = a,ze”, suy ra: { yl,, (40 °) .
v = (a0 + 2a,)€”

Thay vao (4a), ta cé: (a,x + 2a, — apz)e™ = 2e* = a, = 1, nén yi = xe”
Vé phéi (4b) ¢6 dang P, (x)e®® véin = 2,a = 0 # k1, k2 nén nghiém riéng c6 dang:
as = 1

/
iy = 2a2T + a1 (4b
y§:a2w2+a1w+ao, suyra:{zi,, 2; ! (:>) ag =20 :>y§::c2+2.
2 = 42

a, =2
Suy ra nghiém riéng cia (4) 1a: y* = y§ + y5 = xe® + 22 + 2 va nghiém tong quéat:

y=7+y" = Cre” + Cre™* + we” + 2% +2,¥C1, Co

BAI TAP
4.2.1. Gidi cdc phwong trinh vi phan cap 2 sau (dang gidm cdp):
Y 2
' =y wy =y 2y =y Py =1 (e )y =0
(elna)y” —y' =0; 2%y 3wy’ =0; 1+y* =2 gy -y =0

4.2.2. Gidi cdc phwong trinh vi phan cdp 2 sau (dang tuyén tinh véi hé sé hang):
y'=2/ty =€y =By 6y =€y -2y'+2y =27 ¢ty -2y = we”;
y' =3y +2y=e"Q2c+3); ' —y —x; Yy —6y +5y=3e” +ba?;

y" — 5y’ = 322 + sinbx; y" +y = sinx cos 3x; y" — 2y — 3y =3 — 4e”

-00000-
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